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A compulationa} technique for solving fluid probiems with {ree surfaces and imterfaces is
presented. The conventional cell volume fractior: approach is employed for tracking the inter-
faces. However, for surface advection and its reconstruction, a new and more accurate FLAIR
{fiux line-segment model for advection and interface reconstruction) algorithm is developed.
The surface is approximated by a set of line segments fitted at the boundary of every two
neighboring computational cells. A criterion is developed for identifying the iine-segment
orientation by inspecting the cell volume [ractions. The new celi volume fraction field is
obtained by integrating the advected area underneath the interface linesegment. As an
example, this techniquc is applied to the capillary driven viscous flow of an initially elliptic.
two-dimensional fluid zone. The problem is posed mathematically as a solution of the
Navier—Stokes equations with moving free surface boundary conditions. The damping motion
of the fluid zone is observed through transport of the free surface. which is related to the
instantaneous internal velocity field under the inflluence of surface tepsion and viscous
forces. {1991 Academuc Press, Inc.

INTRODUCTION

Analytical treatment of free surfaces and interfaces is an issue of major impor-
iance in many of the fundamental and practical fluid mechanic problems. The
mathematical description of fluid interface transport involves the solution of the
governing equations of motion on the fluid domain, part of which inciudes nter-
faces. The exact locations of these interfaces are not known a priori and must be
determined as part of the solution of the transport equations. Mumerical dsseription
of free surface flows and interfaces is noloriously complicated due to the difficulties
associated with the discrete representation of the interfaces, their temporal eveolu-
tion and spatial convolution, and the manner in which the boundary conditions are
imposed.

There are variety of numerical methods for treating fluid problems with inter-
faces. The most common one is the boundary-integra? technigue {1-3]. However,
this technique is currently restricted to the limiting cases of either zero Reynoelds
number, or inviscid irrotational flows. Other methods. availabie for handling
free-surface flow problems are the finite-element methods [4-67, the methods using
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boundary-fitted orthogonal coordinates [7-97], and Lagrangian methods [10, 11].
At present, these techniques cannot handle surface foldings and surface merging
and their application to very deformed surfaces has yet to be demonstrated.

A totally different category of numerical techniques which have the potential for
handling large surface deformations and surface folding and merging is that of
volume tracking methods. These methods use a volumetric progress variable, such
as marker particles in the marker and cell (MAC) technique [12-157, and the cell
volume fraction in the volume of fluid (VOF) technique [16-19], for Lagrangian
transport of the interfaces. The marker and cell method involves Eulerian flow-field
calculations and Lagrangian liquid—particle movements. The velocity of a marker is
found by taking the average of the Eulerian velocities in its vicinity. One difficulty
in using the MAC method is the possible creation of artificially high or low marker
number densities in the cells, due to the irregularity of the flow field.

The volume of fluid (VOF) method is much easier to use and less computa-
tionally intensive. Two major problems arise when the interface is represented by a
fractional volume parameter. One is how to identify the exact surface location and
the other is how to advect the surface. Several techniques have been introduced for
moving the volume fraction field. A common one is the so-called donor—acceptor
technique [19-21]. This technique is based on describing a surface orientation and
then moving the surface with the velocity normal to that orientation. In the
donor-acceptor technique, the surface cell is assumed to be either horizontal or
vertical. The decision regarding the orientation is made based on studying the
neighboring cells. Once the surface orientation is identified, different techniques can
be used for its advection [22-247. The donor—acceptor technique, which is used in
the VOF method, emphasizes control of interface diffusion rather than control of
the liquid fraction in a cell. Therefore, ad hoc techniques must be designed to
remove “bad” points. For example, cells having liquid fractions either less than zero
or greater than unity are corrected by redistributing liquid around them.

Other techniques have also been reported [25, 26], which have improved the
accuracy of the surface reconstruction and its advection in VOF based codes. For
instance DeBar [25], and Youngs [26] have used sloped line segments in each cell
rather than horizontal and vertical ones as was discussed for the donor—acceptor
method. The interface slope in each cell is obtained by inspecting the volume frac-
tions of the neighboring cells. The slope of a line that will cut through two or three
neighbor cells and will result in the correct cell volume fractions is obtained. The
sloped interface is then convected by the local velocities at the cell. Unfortunately
DeBar [25] and Youngs [26] have not reported the details of their techniques for
calculating the surface slopes. Therefore, no further discussion on their methods can
be given here.

Clearly, the accuracy of the techniques that use sloped line segments to represent
the interface is crucially dependent on the method of calculating the slope of this
line segment. In this paper we describe a technique which represents the fluid inter-
face by a set of sloped line segments which are fitted at the boundary of every two
neighboring cells. A rigorous technique is developed for finding the slope of the line
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segment and the advection of the interface. The method is demonstrated by
considering several free surface problems.

FLAIR ALGORITHM

Consider an Eulerian square mesh system, as shown in Fig I, and an acrual
curved surface cutting through it. Lets assume that this curve is the free surface of
a liquid below it in a 2D flow field. Therefore, one can define an area {or volume?
fraction parameter, f, that can take values between 1 and 0. That is /=0 represents
an empty cell, f=1 a full cell, and 0 <f< 1 a surface cell. We will cail a cell with
f>0a* wet cell” We propose to solve the following problem. Given the f field and
the velocity components ¢ and v in x and y directions, respectively, first, what is the
surface shape and its curvature and, second, how does the surface move. In our
previous paper on this topic [27], we proposed a second-order accurate technigue
for calculating surface curvature, given the f field. Here we are introducing a new
algorithm for the calculations of advection and reconstruction of surfaces.

An interface can be viewed as composed of line segmens if the grid system is fine
enough. Locally this line segment can be forced at the cell boundary by examining
the area fractions of the two adjacent cells. The distinct feature of this method is to
find the slope of this line segment based only on two neighboring volume fractions.
Figure 2 is presented to amplify the differences between FLAIR and conventional
line segment approaches. In conventional line segment approaches the actual
surface {(Fig. 2a} is represented by a set of horizontal and vertical lines. For
instance in SLIC method by Noh [5] the surface is reoriented ir a manner shown
in Figs. 2b and ¢. Where, all the surfaces are considered to be vertical for fux
calculations in the v-direction and horizontal for flux calculations in the y-direction.
In VOF method by Nichols et al. [4] the surface orientation is also considered to
be either vertical or horizontal (Fig. 2d), except that in their algorithm the decision

Fic 1. A typical volume fraction field.
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Fig. 2. Comparisons of different interface representation techniques.

on the type of surface orientation is made according to a weighting criterion based
on the cell’s neighboring volume fractions. In Youngs’ [26] method the line-
segment has a slope (Fig. 2¢), but it is fitted inside each cell. Therefore, the flux
calculations in their method will resemble the previous techniques with slight
improvement in accuracy. In the FLAIR technique the line segments are drawn at
the cell boundaries as shown in Fig. 2f. When moving the interface, the fluid under-
neath the trapezoid generated by each line segment is moved with the velocity given
at the cell boundary. We will show that this technique will result in a more accurate
interface advection.

By examining the fractional area in each cell pair at the surface, one of the condi-
tions shown in Fig. 3 can be identified. For instance, if we define the volume
fraction in the cell on the left as f,, and that on the right f,, case one corresponds
to 0<f, <1, and f, =0, case two corresponds to f,=0 and 0 < f, < 1, and case nine
corresponds to 0 <f, <1 and 0 <f, < 1. However, the exact surface orientation or
the slope of the surface line is yet to be determined based on the given area frac-
tions in the two cells. The technique presented below is designed to generate a
unique description of the surface slope. The method for finding the surface slope for
case 9 is discussed first. It is then shown that all of the other cases can be reduced
to this case.
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Fic. 3. Existing relations for two neighboring cells.

In order to be able to identify the surface orientation in case 9, one can identify
four possible conditions by inspection. These four subcases of case 9 are shown in
Fig. 4. Figure 4a shows the interface line connecting the left sidewall to the right
sidewall; Fig. 4b shows the left sidewall to the bottom wall; Fig. 4¢c shows the top
wall to right sidewall; and Fig. 4d the top wall to the bottom wall. The method for
determining the surface line is given below.

Subcase (a). Two neighboring celis can always be reoriented such that /, = f,.
The interface is assumed to be a simple line segment fitted through the boundary
of two neighboring cells. Therefore, the interface can be represented by

3
9]

ey

y=ax+b,

where constants g and b are to be determined based on the known area fractions
f. and f,. Therefore, the area underneath the line will be

[y dr=ta(xd—x}) + b, — x,). 2)

X3

Fi1G. 4. Possible interfacial structures for case 9.
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If the cell size is /# x h, then

f.h?=1ah’>+ bh
Soh? =3ah® + bh.
Solving for a and b,

=fb —ﬁz (3)
=2 =2 () @)

Once the surface is reconstructed, the fluid flux moving from one cell to the other
cell can be calculated as follows: Defining s =u é¢/h, where u is the fluid velocity at
the boundary of the two cells and 6t is the time step in the calculations, the flux
of fluid in the positive x direction (df ™) will be (see Fig. 5)

of " =sla+b*—as/2] (5)
and the flux in the negative x direction (i.e., if u is negative) is
of ~ =s[a+b* +as/2]. (6)

Subcase (b). The equations to be considered for this subcase are
O=ax}+b*
f.=a/2+b*
fo=(a/2)(xF? = 1)+ b¥(xF — 1),

where x¥ =x,/h and x, is the point of intersection of the line segment and the cell
bottom. This results in the following solutions for ¢ and b*:

a=2(f,—b¥) (7)
b* =2[(fa+ /o) =/ Jufs+ 3] (8)

o rem 2h

Fi16. 5. Liquid flux calculation method for two neighboring interfacial cells.
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The corresponding fluid fluxes are
of " =sla+b*—as/2]
5f‘—{fb if s+1=xf

" s(a+b* 4+ as/2) if s+ 1<xf
Subcase (c). Similarly,

a=22f,+f,=3+2 /(U —fI2=f.=Fe})
b*=3(3 =21~ 3/ =21 —f)2=f.— 1))

and
6f+={S(a+b*—as/'2), ?f sl —x*
| s+fa—1, f os>1—x}
8f ~ =s(a+b* + as/2),
where x¥ =x,/h, and x, is the interception point at the top cell boundary.
Subcase (d).
a=1/(x¥ —x7)

b* =xF/(x¥—xF\.

Here the normalized points of intersection (x* and x*} are

*:1~2_(1_1fﬂ_)
a !
2,
* — | b
Yb +<I—l"
where
/
l=1/( 1}2’f+1>
5 = s{a+b* —as/2), o os<<i—x}
T s+f -1 if s>1—x*
5f‘={fb | 1., 5+i>xi{‘
s(a+b* +asj2) if s+1<xf

Surface Identification

(12)

.
o
ey

(15)
(16}

(18)

Once we have developed a set of equations for each of the four different interface
subcases shown in Fig. 4, we are ready to set up a criterion for determining the
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interface type by only inspecting the area fraction fields. That is, knowing f,, and f,,
it is desired to determine the case that represents the surface orientation. For
instance, the criterion for case one is given as follows. Based on Egs. (1), (3), and
(4), the equation for the surface line of Subcase (a) is

y=1{/s fa)¥+ (3fa—1a)-

We can see from Fig. 4a that

h> ()——(3fu —fs) =
Therefore,
223~ /1s) (a)
and
3a—fs=0. (b)

We can also write

hz y(2h)={fs fa)2h+ (3f— ).
This results in the following inequalities:

223, -/, (c)

and
3y —1a20. (d)

Noting that (a) is more restrictive than (c), based on our initial assignment of
f.=fs, the following equations can be obtained for f, and f, of Subcase (a):

3fb>fa
2>3fa_.fb'

The same type of analysis can be carried out for all the other subcases. The final
results are

Subcase (b).

(19)

3fb gfa (20)
fa+fb‘\//ifafb +f[2,<05
Subcase (c).
fat Lot A=) —Ffa=F3) 2 15 o

ot o3+ /A—f)2—f.—f) <4
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Subcase {d).

Fam 1 —f) 205

L1+ SO =F) ) =05

Julis b/

Based on the above criteria a case distinction diagram can be constructed which
will identify different cases based on only f, and f,. Figure 6§ shows that such 2
diagram for case 9 as a function of f, and f,. Different regions in this figure are
defined as follows:

Curve OD:
Jot T =1} =05.
Curve OA:
Mo=fo=2.
Curve OB:
Ja=3=0.
Curve OC:

Ja— (1 —f)=05.

]
1

Q.00 L " (
0.GG 1.0

FiG. 6. Case distinction diagram for case 9.
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FiG. 7. An interfacial representation for case 1.

For a wet cell moving into a dry cell, such as in cases 1 and 2, the line segment
must be found within the cell rather than at the cell boundary. The slope of this line
segment is found by taking the average of the slopes found at the cell boundaries
between the wet cell and its neighboring wet cells. Consider the 3 x 3 cell unit
shown in Fig.7. The cell pair (i,j) and (i+1, /) represent case 1, where
O<f.=fi;<l,and fy=f;. ;=0.

The slope of the line segment in cell (4, j) can be calculated by averaging the two
slopes obtained with the same technique as described for case 9, by once using
f.;—1 and f; ; and the other time using f; ; and f; ;,, (e.g., the volume fractions of
two neighboring cells to cell (i, j) in the vertical direction). Once the slope of the
line segment is calculated the foliowing criterion is developed to identify the type
of the wet cell. By inspection four different subcases for a single wet cell (as shown
in Fig. 8) are identified. Knowing the surface slope, ff, and the value of volume
fraction, f,, a surface-type distinction diagram is developed to identify the surface
type. This diagram, which is a plot of f, versus f, is shown in Fig. 9. For a pair of
/. and B, only one of the four types of line segments in Fig. 8 can be identified.
In Fig. 9 the curves which separate different regions are as follows: OA is
f.=1—1/(2B); OB is f,=1/(2B); OC is f,=p/2; and OD is f,=1~ /2. Upon

Y
X %‘x
2
]
%—.x
4

FiG. 8. Possible interfacial line-segment in a cell.
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Fig. 10. A circular region moved across the computational domain.

method is tested by moving a circular fluid region across the computational meshed
domain. The test conditions are as follows. A uniform velocity field is given to the
circular region, which is initially at the upper-left position. Given the size of the
circle initially, a cell area fraction field is computed. FLAIR technique is then
applied to the area fraction field with a time step just enough to move the fluid half
a grid size to the right and half a grid size downward. The circular region is moved
in this way for 20 time steps until the circle is moved out of its original position.
The area fraction field thus obtained is then examined to see the error that is
accumulated during the movement. From Fig. 10, which is obtained by plotting the
point where the line segment intercepts the cell boundary, it is quite clear that the
circle is moved with very good accuracy. The resultant error in the area change is
also shown in Fig. 10. The area change is defined as the original circle area minus
the area at any other time. The area at any time is calculated by adding all the
area fractions. This is a good indicator of the accuracy of the method used for the
interface advection.

In order to demonstrate the difference between FLAIR method and the
donor-acceptor method, a small segment of a circle is advected using both techni-
ques. Figure 11a shows the initial volume fractions of a small segment of a circle.
Figure 11b shows the results obtained using FLAIR method after two time steps,
and Fig. l1c shows the results from the donor-acceptor method at the same two
time steps. The accuracy of FLAIR over donor-acceptor method is clearly shown
by a one-to-one comparison of the volume fractions at the end of the calculation.
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FiG. 1!, Comparison of volume fraction field advection Technique between conor-accepior and
FLAIR methods: (a) original volume fraction field; (b) the new field using FLAIR: and {2} the new field
using donor-acceptor.

The donor—acceptor movement results in the loss of second surface laver. For
instance, the initial volume fractions in the firsi and second layer of the third
column are 0.938 and 0.101, respectively. When the surface is advected using
donor—acceptor method, the new volume fractions of 0.997 and 0.00 are cbtained.

A better prediction of 0.935 and 0.098 is resulted by using the FLAIR method.

CAPILLARY-DRIvEN DrOP MoTION

A two-dimensional elliptic fluid region is chosen to present the technique for
kandling the free surface boundary conditions in the momentum equation and zlso
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to test the accuracy of the technique. The initially elliptic fluid zone is described
using a square mesh system. The surface of the ellipse crosses through the mesh
system and generates fractional volume parameters in each of the boundary cells.
The fractional areas are therefore initially assigned. The fractional areas for all the
interior cells are set equal to one, and those for the exterior cells are set equal to
zero. The following equations are solved for the capillary-driven viscous flow of the
region described above.

Governing Equations of Motion

The two-dimensional, incompressible, constant properties Navier-Stokes equa-
tions with free boundaries are solved. For this problem, the continuity, momentum,
and Poisson’s equations are:

ou dv

i 23

6x+(3y (23)
du Ouu  Ouv dp 1 [%u Q% .
u Quu ow P, _ (cu, o 24
FPR ay ox  Re (0x2+ﬁy‘> (24)
dv  Cfvu v op 1 [ v
Ly e ey (L2 Y 25
5 ox "oy ar Re (5x2+8y2> (25)

=) (26)

ox*  dy* ox dy Cdyox

Boundary Conditions

At the present time we are only considering the motion of a fluid zone in vacuum.
Therefore, no shear forces are present at the fluid surface. Also, the effect of velocity
gradients on the surface pressure is neglected. Hence, the boundary equation simply
becomes

- —0) xx (27)

—O'
PERT 0+

where R is the curvature at the surface and ¢ is the surface tension.

Method of Solution

The equations of motion are solved using a fully implicit scheme having
staggered grids. However, special care has to be taken in writing the finite difference
equations for the surface cells. Based on inspection of all possible conditions at the
surface, five situations can be identified. These five cases are shown in Fig. 12. Note
that there is only one situation that wil result in case 1; four situations for case 2;
four for case 3; four for case 4; and four for case 5.

At the free surface, the momentum equation cannot be evaluated the same way
it is in the interior of the fluid because the cells at the free surface have at least one



F1G. 12, Possible cases of surface cell relations with neighboring cells in momenium czlcuiations.

cell boundary-facing vacuum. This makes the evaluation of the ueighboring
velocities in that direction impossible. Based on the marker and cell method [ 127,
the continuity equation is to be used for the surface cells to calculate the velocity
at the free surface. For a wet cell without any wet neighboring cells (i.e., case 1}
there is no way that the velocity of the cell will be changed. As a matter of fact. a
wet cell without wet neighbors is considered a different computational domain from
the major body of the fluid. Therefore, it is thrown away in the following computa-
tion. For a wet cell with wet neighboring celis except one face, the velocity compo-
nent at that free surface is obtained by equating it to the required value obtained

b ! i - 4

Ly by tg Lz tz &1

re=0.1

We=1.0

. ) P S L : .
T

FiG. 13. Damping oscillation of an originally elliptic infinite cylinder,
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(b)

FiG. 14. Internal velocity field and shape of the drop at different times.



3%1 63 2-15

FLAIR

Y B

(d}

Fi16. 14—Continued

465



466 ASHGRIZ AND POO

e S >~ \\ p
-~ /
N s /. ;
| ! Vs i
[ v 7 >
‘ J

(e)

F16. 14—Continued

from the continuity equation. For example, in case 2, v,=v, + u; —u,. For a wet
cell with two dry faces, the velocity component at the free surface is equated to the
velocity component in the opposite side. For example, in case 3, u, =u, and v, =1v,.
For a wet cell with three dry faces, the velocity component at the free surface
opposite to the wet side is set equal to that of the wet side. For the velocity compo-
nent at the two opposing dry faces, the two velocities are assumed to retain their
values. For example, in case 4, v, =v, and u,=u, =u,, (subscript p refers to the
value at the previous time step).

Using the momentum equations for the interior cells and continuity equations for
the surface cells, a set of equations relating pressure and velocities for all the cells
can be set up. These equations can be solved using the boundary conditions. The
only boundary condition in this problem is the pressure at the free surface. This
pressure is obtained by the calculation of the surface curvature. The surface cur-
vature is obtained by using the technique developed by Poo and Ashgriz [27]. Very
briefly, this method uses a second-order polynomial. based on the area fraction field
at the surface, to represent the local surface equation. Once the equation describing
the surface is known, the surface curvature at each cell can be determined.

Based on the above discussions, the solution procedure can be summarized as
follows: (1) Specify the initial conditions for the surface geometry and velocities.
(2) Move the surface based on these velocities and the FLAIR algorithm. (3) Find
the surface curvature based on the cell volume fractions. (4) Calculate the surface
pressure based on the local values of surface curvatures and Eq. (27). (5) Calculate



FLAIR 467

the pressure throughout the drop using Poisson’s squation. {(6)Solve for the
velocity field throughout the drop using the momentum equations. {7} Iterats
between steps (6) and (7) until convergence is achieved. (8) Increment the time and
repeat.

The results for the motion of an initially elliptic drop are presented in Figs. 13
and 14. Initially, the major diameter of the ellipse is set equal to 1, and its minor
diameter to 0.5. with mesh size of 0.01 and zero velocities everywhere. However,
because of the non-uniform curvature on the surface of the ellipse, there will be a
capillary driven flow. This flow will eventually damp out and the equilibrium condi-
tion of stationary circular drop will be attained. The damping motion of the drop
is shown in Fig. 13. The Reynolds number used for this case is 0.1, and the Weber
number is 1.0. The Weber number is defined based on the initial major diameter of
the ellipse, D. Because the drop’s initial velocity is zero, the velocity scale is obtained
by setting the Weber number equal to | and then calculating the velocity scale from
u= \m Figure 13 shows the drop shape at different times. It is observed that,
due to high viscosity, the drop shape becomes circular within a few osciliztions.
Figures id4a—¢ show the velocity ficld inside the drop at different times. The oscilia-
tion of the drop generates a recirculation zone within it, which alzo damps out after
the drop ceases motion. The smoothness of the surface after long computational
times indicates the accuracy of this technique for surface movement and therefore
it has better curvature calculations. It is noteworthy that there exists an area loss
in the computations because the actual shape of a surface cell is not used in the
confinuity equation. However, as other VOF techniques do, one can distribule the
loss in volume fraction during the surface advection and reconstruction among the
cells, such that the total area loss remains zero. However, in the present caiculation
we are more concerned with the presentation of the techrique; therefore, no correc-
tions of that sort are made.

CONCLUSIONS

A new techmique of interface transport and reconstruction is developed for the
numerical models using the volume of fluid (VOF) method. The basic features of
this technigue are as follows: The interface is assumed to be represented by a set
of line segments fitted at the boundary of every two neighboring surface celis. A
criterion is developed which identifies the orientation of the line segment based only
on the volume fractions of the two cells. This criterion is developed based on realiz-
ing that there can be only a limited number of cases for arrangement of two
neighboring cells. After the surface orientation is determined, the volume fraction
field is updated by calculating the fluid flux across any two neighboring cells. it is
shown that the flux line segment model for advection and interface reconstruction
(FLAIR) technique is more accurate in advection of the fraction of volume fieid
than the more common donor-acceptor technique.
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